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INFINITELY MANY GLOBAL CONTINUA BIFURCATING FROM A 
SINGLE SOLUTION OF AN ELLIPTIC PROBLEM WITH 
CONCAVE-CONVEX NONLINEARITY 

THOMAS BARTSCH, RAINER MANDEL 


Abstract. We study the bifurcation of solutions of semilinear elliptic boundary value prob¬ 
lems of the form 


( 0 . 1 ) 


-A u = fx(\x\,u, |Vu|) 
u = 0 


in f2, 
on dfl, 


on an annulus H C 1^, with a concave-convex nonlinearity, a special case being the non¬ 
linearity first considered by Ambrosetti, Brezis and Cerami: f\{\x\, u, |Vu|) = X\u\ q ~ 2 u + 
\u\ p ~ 2 u with 1 < q < 2 < p. Although the trivial solution uo = 0 is nondegenerate if A = 0 
we prove that (Ao,ito) = (0,0) is a bifurcation point. In fact, the bifurcation scenario is 
very singular: We show that there are infinitely many global continua of radial solutions 
Clx C * 1 (H), j £ No which bifurcate from the trivial branch R x {0} at (Aq,uo) = (0,0) 
and consist of solutions having precisely j nodal annuli. A detailed study of these continua 
shows that they accumulate at M>o x {0} so that every (A, 0) with A > 0 is a bifurcation 
point. Moreover, adding a point at infinity to C 1 (H) they also accumulate at R x {oo}, so 
there is bifurcation from infinity at every A £ R. 


1. Introduction 


The boundary value problem 


( 1 . 1 ) 



X\u\ q 2 u + \u\ p 2 u 
0 


in fl, 
on dfl, 


with C2 C a bounded domain, 1 < q < 2 < p and A G M, has received a lot of attention 
since being first investigated by Ambrosetti, Brezis and Cerami in [ABC94] , Using sub- and 
supersolutions it is proved in ABC'!) 1 that there exists A > 0 such that (11.11) has a positive 
solution u x for 0 < A < A. If in addition p < 2* = f then solutions of (11.11) correspond 
to critical points of the functional 


h (u) = 





u 


I p 


defined on H { \ (Q), hence variational methods apply. In that case a second positive solution 
U\ exist for 0 < A < A as was shown in jABC94l . Theorem 2.3. Moreover, there exists A* > 0 
such that for every 0 < A < A* problem (II.ip has infinitely many solutions u X j satisfying 
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I\(u\j) < 0, and there exist infinitely many solutions u X j satisfying I x (u X j) > 0. In [BW95J 
Bartsch and Willem showed A* = oo as well as I\(u X j) —» 0 and I x (u X} j) —> oo as j —> oo. In 
addition they showed that the solutions u X j also exist for A < 0. Furthermore, Wang jWanOl] 
proved that the solutions u Xj not only tend to 0 energetically but also uniformly on Q. Wang 
even deals with more general classes of nonlinearities f\{u) instead of X\u\ q ~ 2 u+ \u\ p ~ 2 u. The 
variational structure and the oddness of the nonlinearity, however, are essential to obtain 
infinitely many solutions u X j and u X j. As a consequence of these results for every A > 0 
the trivial solution (A, 0) is a bifurcation point and there is bifurcation from infinity at every 
A G M. 

A precise description of the set of solutions in the one-dimensional case = (a, b ) for 
positive A is due to Liu jLiuOl] and Cheng |Che02| . For j G N 0 and 0 < A < Aj the solutions 
u Xj and u XJ have precisely j nodes and thus exactly j + 1 nodal intervals. These pairs of 
solutions exist for 0 < A < A j and form a continuous curve Cj C M x C 1 [a, b] which, for any 
j G No, bifurcates from the trivial solution branch at the point (0,0) G R x C^a, &]. Notice 
that the curve has a unique turning point at A = A j where u Aj j = thy j holds. We shall show 
in the appendix that the sets Cj can be continued to the range A < 0, not as curves but as 
continua (connected sets). Schematically this may be illustrated as in Figure 1. 


' llcfiQ) 



Figure 1. The solution curves in the ID case D = ( a,b ). 

Due to the oddness of the right hand side, there are actually two families of such curves: 
C+ = Cj and Cj = {(A, — u) : (A ,u) G Cj}. In }Che02llLiu01] only the case A > 0 has been 
treated. For A < 0 the situation becomes more complicated because there exist solutions with 
dead cores, that is, nontrivial solutions which vanish identically on sets of positive measure. 
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As a consequence, the curves Cj split and get blurred for A < pj where pj < 0 can be explicitly 
computed. Since it is instructive and motivates the conjecture that this phenomenon occurs 
generically (see Remark 12.211 we shall give a detailed description of this phenomenon at the 
end of the paper. A similar behavior has been observed, for instance, in [ DHM09 ] for a 
quasilincar equation, and in [GR.S12 ] for a Neumann boundary problem with concave-convex 
nonlinearity and a parameter in the boundary condition. The papers [DHM09llGRS12j deal 
with ordinary differential equations, but in |DHM09] one can also find a discussion of the 
literature on dead core solutions for elliptic problems on higher dimensional domains, and on 
the internal free boundaries which the dead cores have. 

It seems to be out of reach to obtain such detailed results for (11.111 on an arbitrary bounded 
domain. In this paper we shall deal with a radially symmetric setting, but with a rather 
general nonlinearity which need not be variational nor odd in u. We consider the boundary 
value problem 


( 1 . 2 ) 


I -A« = /a(|i|,m, |Vh|) in SI, 

\ u — 0 on <9D, 


on the annulus D := {x G : p\ < |x| < P 2 } with radii P 2 > Pi > 0. The nonlinearity 
fx(r, z,C.) has a concave behavior for z near 0, and grows superlinearly for \z\ —* 00 . The case 
fx(r , z, £) = \\z\ q ~ 2 z + \z\ p ~' 2 z with l<g<2<p<oo will be covered. Our aim is to show 
that there are disjoint continua C M x C 1 (f2) of solutions (A ,u) of (j 1.2 [) which bifurcate 

from the trivial solution (0, 0), that is: Cf fl K x {0} = {(0, 0)}. We shall also give a precise 
description of the global behaviour of the continua. They accumulate at M> 0 x {0} and at 
M x { 00 }, where 00 is a point at infinity added to C 1 (f2). More precisely we prove that every 
(A, 0) with A > 0 is a bifurcation point and there is bifurcation from infinity at every A G R. 
For (A ,u) G Cf the function u is radial and has precisely j + 1 nodal annuli. However, in 
case A < 0 it may have dead cores consisting of unions of annuli. 

There are a number of difficulties to overcome. Firstly, there is no uniqueness of positive or 
negative radial solutions of (11.21) in annuli which would allow to patch solutions as in [BW93J 
or as in the proof of the result for (11.11) on an interval. Secondly, the problem is in general non- 
variational, and the nonlinearity is not odd in w, hence Ljusternik-Schnirelmann theory does 
not apply. Thirdly, the bifurcation scenario is very singular, and results like Rabinowitz’ 
global bifurcation theorem do not apply either. In fact, due to the concave behavior of 
fx(r,z, £) for z near 0 equation (1 1.2 1) cannot be linearized at z = 0, except when A = 0. 
This concave behavior of / also causes problems when applying ODE techniques, and it is 
responsible for the existence of dead core solutions. 

Here is an outline of the paper. I 11 Section [2] we will state the precise assumptions on /, and 
we will formulate and discuss our main results on the existence and shape of the continua 
Cf. In Section [3] we transform the ODE boundary value problem corresponding to (1 1.2 1) 
into an equivalent problem on (0,1) using a suitable nonlinear transformation of the radial 
coordinate. The corresponding result will be formulated in Theorem 13.21 In Section [4] we 
use a modification of the time map technique to prove (mostly explicit) a-priori estimates for 
solutions of the ODE problem depending on the number of their nodal intervals. In Section [5] 
these estimates will be used to perform a degree argument in order to prove Theorem 13.21 
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which, using the corresponding inverse transformation, almost immediately provides the proof 
of Theorem 12.11 In Appendix A we explicitly determine the solution continua Cf for the one¬ 
dimensional Ambrosetti-Brezis-Cerami problem in the interval (0,1) and all A G R. This 
includes a detailed description of the dead cores which appear for A < 0. For A > 0 the 
existence of the solutions is not new, as mentioned above, but we include it in order to recall 
how exact multiplicity results can be proved with the aid of the time-map technique when 
the space dimension is one (so that the ODE problem is autonomous). In Appendix B we 
give the proof of some technical propositions. 

2. Statement of results 

We first state our hypotheses. We assume that there are positive numbers rrii,Mi and 
exponents p, q satisfying l<g<2<p<oo such that the following holds: 

(Al) The map 

/ : M x [pi,p 2 ] x M x M> 0 ->■ M, (A ,r,z,£) H- f\(r,z,£), 

is continuous, and it is differentiable with respect to r, £. Moreover, for all A, s > 0 
there is a K\ (A, s) > 0 such that 

\drh(r,z,g)\, \d^f\(r, z, £)| < Ah(A, s)\f\(r, z, £)| 

for r G \pi , P 2 ] and 0 < |z|,£ < s. 

(A2) For all A > 0, r G [pi,P 2 \, * G 1, ( G M> 0 we have 

mi(A|^| 9 + \z \ p ) < zf x (r,z,£) < Adi(X\z\ q + \z \ p ) 

(A3) For all A < 0, r G [pi, P 2 ], z G M, ^ G M>o we have 

Mi\\z\ q + mi\z\ p < zf\{r , z,£) < mi\\z\ q + Mi\z\ p . 

Moreover we want to add an assumption which allows to estimate the energy of the con¬ 
structed solutions in case the system is variational, i.e. when the right hand side in (11.21) does 
not depend on |Vm|. To this end we introduce the following condition: 

(A4) f\(r, z, £) = fx(r, z) and the function F\(r, z) := f" f\(r, s ) ds satisfies 

liminf inf >2 if A G M, limsup sup ^ ' \ <2 if A > 0. 

hKoo re[pi,p 2 ] Fx(r,z) | z |-u) re[pi,p 2 ] Ax(A^) 

In this case the energy is defined by 

h(u) := - / \\7u(x)\ 2 dx - [ F x (\x\,u(x))dx. 
z J n Jn 

As mentioned earlier all of these conditions are satisfied for nonlinearities of Ambrosetti- 
Brezis-Cerami type. For instance, (Al),(A2),(A3) are satisfied if / is given by 

h(r,z,£) = Xa q (r,^, \)\z\ q ~ 2 z + g x (r,z,C) + a p (r,C, X)\z\ p ~ 2 z 

where 1 < q < 2 < p < 00 , a q: a p are bounded continuously differentiable functions which are 
bounded from below by a positive constant, and g satisfies gx(r, z, £)/ max{|z| 9-1 , | 2 :| p_1 } —> 0 
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as \z\ —>■ 0 or \z\ —> oo. Clearly, (A4) holds in that case if and only if ci q ,a p and g do not 
depend on £. 

We work on the space X = C) ad (Cl,M.) of radial C 1 -functions u : hi —* M. A solution 
(A ,u) G M x X of (11.2|) is defined to be a solution of the integral equation associated to (II. 2} 
since only the latter makes sense for merely continuously differentiable functions. Given the 
radial symmetry and assumption (Al) it is immediate that every solution of the integral 
equation is twice continuously differentiable on 12 and solves the boundary value problem 
(II.2p in the classical sense. The set of solutions 

S = {(A,w) G M x X : u 7 ^ 0, (\,u) is a classical solution of (1 1.2 j) } 
contains the sets 

Sf = {(A ,u) £ S : u has precisely j + 1 nodal annuli A 0 ,..., Aj, sign(u| J 4 fc ) = ±(—l) fc }, 

j G No- Here a function u : 12 —» R. is said to have precisely j + 1 nodal annuli if there 
are mutually disjoint open annuli A 0 , ..., Aj C 12 such that |w| > 0 on A^ for k — (),..., j, 
and u — 0 on 12 \ (J^. =0 Ak- In particular, sign(u| J 4 i .) is well-defined for k — 0, ... ,j. If the 
space dimension is one a nodal annulus will be called a nodal interval. Notice that we do not 
require 12 = Ui=o so ^ 1£ d dead core solutions are permitted. Indeed, for our purposes such 
a requirement would be too restrictive since solutions (A, u) G Sf are expected to possess 
dead cores if the parameter A is negative and has sufficiently large absolute value, see also 
Remark [2.21 id) and Proposition 16.51 We can now state our result. 

Theorem 2.1. Let f satisfy (Al), (A2), (A3) for l<q<2<p<oo. Then there are 
maximal connected sets Cf C Sf, j G No, having the following properties: 

(i) Cf \ Cf = {(0, 0)} for all j G N 0 . 

(ii) Cf nCf = Cf n Cj = {(0, 0)} for all j, k G No with j k. 

(in) There are sequences (A^)^^ in (0, oo) tending to infinity such thatpr(Cf) = (—oo, A^]. 

(iv) We have lim inf^^ Cf = 1 iin sup^^ Cf = M > 0 x {0}. Furthermore: 

(a) For all A > 0 the point (A, 0) is a bifurcation point but not a branching point for 
m and there is a number j ± (\) G No such that for all j > j^A) there are 
solutions (A ,uf) £ Cf with Hu^Hc 1 -^0 as j —>■ oo. 

(b) Aiiy A G K is o bifurcation point from infinity but not a branching point from 
infinity for (jl . 2 f) . and setting ^(A) = 0 for A < 0, for all j > j ± ( A) there are 
solutions (A ,uf) G Cf with Hw^Hoo —* oo as j —>• oo. 

(v) In case (Af) holds the solutions from (iv)(a),(b) satisfy 

I\(uf) —> 0 - and I\(uf) —* oo as j —» oo. 

Before we comment on this result let us explain the notation which we used in the statement 
of Theorem O For Cclxl the set pr(C) denotes the projection of C onto the parameter 
space which is formally defined by 

pr(C) :={AgR: there is u G X such that (A ,u) G C}. 
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The symbol lim sup^^ C 3 denotes the set of accumulation points of the sequence (Cj)j which 
consists of all points (A ,u) G M x X such that every neighbourhood of (A ,u) contains el¬ 
ements of infinitely many Cj. Similarly, lim inf j^.^ Cj is the set of limit points containing 
precisely those points such that every neighbourhood contains elements of almost all Cj. In 
Theorem IQ (iv)(a) the point (A, 0) is called a bifurcation point (with respect to the family 
M x {0} of trivial solutions) if there is a sequence (A k,Uk)k in S with (A k,Uk) —> (A, 0) and 
Uk 7 ^ 0 as k —» oo. In Theorem 12.11 (iv)(b) we say that A is a bifurcation point from infinity 
if there is a sequence (A k,Uk)k in S with Hu/cHoo —> oo and A& —* A as k —* oo. Finally, a 
bifurcation point (A, 0) is called a branching point if there is a connected set in S the closure 
of which contains (A, 0). Similarly, A is said to be a branching point from infinity if there is a 
connected set in S such that there are solutions (q, u) belonging to this connected set which 
satisfy IHIc 1 —>> oo and /i —> A. 


Remark 2.2. a) A main feature of Theorem \2.1\ is the fact that it proves the existence 
of infinitely many connected continua in a degenerate bifurcation setting. The results 

[ABC94, 


of Ambrosetti-Brezis-Cerami 


Theorem 2.5], Bartsch-Willem IB W95[ Theo- 


b) 


rem 1.1] and Wang j WanOl . Theorem 1.1] are significantly improved in the special 
case of the annulus. It would be very interesting to investigate the case of a ball. Here 
for the global behavior of the continua one probably has to distinguish the cases p < 2*, 
p = 2* and p > 2*; see Fig. 2, p.523, in \ABC9$ . In the case of a general bounded 
domain the existence of solution continua and the geometry of the nodal sets as in 
Theorem 1 2. 1\ remain a challenging open problem. 

The properties of the solution continua Cf from Theorem, \2.1\ are of qualitative nature. 
Aiming for a result which is strongest possible we could include the a-priori bounds for 
the associated ODE boundary value problem from Lemma \4-l\ and Lemma \f. 7| which 
provide further information about the localization of the solution continua. Since these 
estimates require the definition of several constants and mappings we decided not to 
include them into Theorem \2.1\ 


c) As mentioned in the introduction the above result can be proved by explicit means 
when n — 1 and f\(r,z , £) = \\z\ q ~ 2 z + \z\ p ~ 2 z. We shall do this in Theorem Id. ,51 of 
Appendix A. The proof there shows that the solutions have a dead core for A 0. 

d) The analysis of the one-dimensional case (see appendix A) leads to the conjecture 
that there is a threshold value \j{£l,p,q) < 0 such that every solution (u,A) G Sf 
with A < A has a dead core. A thorough investigation of the formation of 
dead cores as A —>■ —oo remains open. 


3. Transforming the problem 

Since we aim at proving the existence of radially symmetric solutions u of (11.21) with a 
prescribed number of zeros it is convenient to consider the corresponding boundary value 
problem for the radial profile w defined by the equation u(x) = iy(|x|) and satisfying w(pi) = 
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w(p 2 ) = 0. This boundary value problem is given by 

{ N - 1 

-w" --— w'= f x (r,w,\w'\) in(pi,p 2 ), 

w{pi) = w{p 2 ) = 0. 

In Proposition 13.II we show that the diffeomorphism <f> : [0,1] —> [pi,p 2 ] given by 
(3.2) 4>(r)-.= p\~ r P 2 if JV = 2, <j>(r) := (p\~ n + r(pl~ n - ^-”)) 1 /P->) if AT * 2, 

transforms (13.111 into the boundary value problem 

— v"(r) = h\(r,v(r), |u'(r)|) in ( 0 , 1 ), 
v(0) = u(l) = 0, 

where the function h\ : [ 0 , 1 ] xRx M > 0 is defined by 

(3.4) h x (r, z, 0 = 0'(r) 2 /A(0(r), z, t/tfir)). 

Proposition 3.1. The following holds for functions u : hi —> K and w : [pi,p 2 ] —> ® related 
by u(x) = ry(|x|). 

(i) A function u is a classical solution of ( 11.211 if and only if w o 0 is a classical solution 
of 

(ii) We have 0 < m 2 < <f>'(r) < M 2 for all r e [0,1] where m 2 , M 2 are given by 


(3.3) 


m 2 = pi in 

Vpi/ 


M 2 = p 2 in (—') 
\piJ 


m 2 = 


Pi 


N - 2 


i-m 

P'i' 


N—2 


m 2 = 


P2 


P2\ 

N-2\\ Pl ) 


N—2 


— 1 


in case N = 2, 
in case N ^ 2. 


Proof. Clearly u solves (11.2)1 if, and only if, w solves (13.111 . One immediately checks that 


A2 


r = (00 


N — 1 


on ( 0 , 1 ), 0 ( 0 ) = pi, 0 ( 1 ) =p 2 . 


Hence, the function v := w o 0 : [0,1] —» R satisfies u(0) = u(l) = 0 and 


—v"(r) = — tc"( 0 (r)) 0 '(r ) 2 — w'((j)(r))(j)"(r) = 4>'(r) 2 ( — w"((f>(r )) — 


IV — 1 

0 (r) 


w\<f>(r)) 


= 0 '( r ) 2 /A( 0 (L),w( 0 (r)), \w\4>{r ))|) = h x (r,v(r), |v'(r)|) 


so that v is a classical solution of (13.311 . Similarly it can be checked that the opposite 
implication is true and we obtain part (i). The estimate from part (ii) follows from 


0 '(r) = p\ r p r 2 In ) 


Pi- 

2-N 2-N 


0 , ( r ) = 


Pi 


P2 


N-2 


Pi + r (P: 


2-N 2 -iVi 


Pi 


(N—l)/(2—N) 


for r G [0,1] if N = 2, 


for r G [0,1] if IV ^ 2. 


□ 
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By Proposition 18.11 (i) the original problem (1 1.2 j) is equivalent to the boundary value 
problem (18. 8 1) on the interval (0,1) and we may content ourselves with proving the ODE 
version of Theorem 12.11 To this end let us fix the properties of the function h x from (13.41) 
which correspond to the assumptions (Al), (A2), (A3) for the function f x . Setting 

m := rriim\i M := M X M| and 

K(\,s) := 2777,2 1 Halloo + ( sm 2 2 Halloo + mf 1 + M 2 )K 1 (X, s / m 2 ) 
for 777!, Mi, K\ as in (A2) and 777 , 2 , M 2 , £> as in Proposition 18.11 (ii) we obtain the following: 
(Bl) The map 

/i:Kx [0,1] xKx R> 0 , (A, r,z,£) n- h x (r, z, £) 

is continuous, and it is continuously differentiable with respect to r and £. Moreover, 
for all A, s > 0 there is a K( A, s) > 0 such that 

\d r h x {r,z,£)\, \d^h x (r,z,C)\ < K(\, s)\h x (r, z,£)\ 

for r G [pi, P 2 \ and 0 < |z|,£ < s. 

(B2) For all A > 0, r G [0,1], z G R, £ G R> 0 we have 

7?7(A|^r| 9 + |z| p ) < zh x (r , z, £) < M(\\z\ q + \z\ p ) 

(B3) For all A < 0, r e [0,1], z G K, £ G M>o we have 

M\\z\ q + 7?7|2:| p < zh x {r , z, £) < 7?7A|^| 9 + M\z\ p . 


In Theorem 13.21 we will formulate our results concerning the boundary value problem (13. 3 1) 
for all nonlinearities h x satisfying the assumptions (Bl), (B2), (B3). As before we find a 
statement about the energy of the constructed solutions once we require that the equation is 
variational and satisfies the following condition: 

(B4) h x (r, z, £) = h x (r, z) and the function H x (r, z) := f~ h x (r, s ) ds satisfies 


liminf inf >2 if A G R, 

N-t-oq »-e[o,i] H x (r,z) 


limsup sup ^ <2 if A > 0. 

|z|—>o re[o,i] H x (r,z) 


In case (B4) holds the energy functional J x : Y —x M associated to (13.31) is given by 


J x v) := - 


1 pl 


v'(r) 2 dr— / H x {r,v{r))dr 


where Y := C 1 ([0,1],M). In the statement of Theorem 13.21 we need the following subsets of 
R x Y which are the one-dimensional analogues of the subsets S,S± of R x X: 

E = {(A, v) G R x Y : v 7 ^ 0 and (A, v) solves (13.31) }. 

= {(A, v) G E : v has precisely j + 1 nodal intervals / 0 ,..., Ij , sign(u|/ fc ) = ±(—l) fc }. 

Then the analogue of Theorem 12.II for the boundary value problem (13.31) then reads as follows. 


Theorem 3.2. Let h x satisfy (B1),(B2),(B3) for l<q<2<p<oo. Then there are 
maximal connected sets C E ±, j G N 0 , having the following properties: 

(i)Vf\Vf = {(0,0)} for allje N 0 . 
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(ii) Vf D Vf = Vf D V- = {(0, 0)} for all j, k G No with j ^ k. 


(Hi) There are sequences (A±)j e N 0 in (0, oo) tending to infinity such that pr(T>f) = (— 00 , 

(iv) We have lim inf,--**, Vf = lim supj-^ Vf = M> 0 x {0}. Furthermore: 

(a) For all A > 0 the point (A, 0) is a bifurcation point but not a branching point for 
ra>, and there is a number j^(X) G No such that for all j > j ± ( A) there are 
solutions (vf, A) G Vf with ||u^|| c i —> 0 as j -A 00 . 

(b) Every A G R is o bifurcation point from infinity but not a branching point from 
infinity for (13.3p . and setting ^(A) = 0 for A < 0, for all j > j ± ( A) there are 
solutions (vf, A) G Vf with ||u^||oo —>■ 00 as j —* 00 . 

(v) In case (Bf) holds the solutions from (iv)(a),(b) satisfy 

J\(vf) -A 0“ and J\(vf) -A 00 as j —* 00 . 

4. A PRIORI ESTIMATES 

In this section we prove a-priori estimates for nontrivial solutions of (I3.3ji depending on 
their number of zeros. For further reference we introduce the map 


(4.1) 


g x (z) = X\z\ q ~ 2 z+\z\ p -' 2 z 


P-2. 


for z G 


The first result deals with the case A < 0. 


Lemma 4.1. Assume that (Bl), (B3) hold, mid let j G No- Then there are positive numbers 
Dj and d independent of j such that all (X,v) G Ej with A < 0 satisfy 

d((j + l)^ 5 + |A|^) < ll'L’Hoo < Dj(l + |A|^) and H^Hoo < Mg^iWvWoo), 
where M is from (B3). Moreover, for every nodal interval I of v we have 

IMIl°°(/) > d(\I\~^ + |A|p-®). 

Proof. Let (A, v) G Tif with A < 0 and let / be a nodal interval of v. Multiplying the 
differential equation (13. 3 ll with v and integrating the resulting equation over / gives 

J v'(r) 2 dr — J h\(r, v(r), v'(r))v(r) dr < mX J \v(r)\ q dr + M J \v(r)\ p dr. 

Using the fact that 7r 2 |/| -2 is the smallest Dirichlet eigenvalue of the differential operator 


■A on / we obtain the estimate 


7t 2 |/| 2 + m 


19-2 


< JI 


fjv'(r) 2 dr + | A111 11 ^ 2 f f v(r ) 2 dr 


L °°W fjv(r) 2 dr 

f I v / (r) 2 dr + m|A| f T \v(r)\ q dr 


< 


< 


f f v(r) 2 dr 
M fj \v(r)\ p dr 
fj v(r) 2 dr 


< M\\v 


IP-2 
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From this we infer 


MIl°°(7) = {jy^j V q |A|p _,J ' a where a p 2 — a q 2 > |/| 2 1A|p—^ • 7T 2 mp- q M p- q 


and thus the lower estimate follows from 


|u|| L oo (7) > ? |A|p-« • max ^ 1, (|/| 2 |A|p-« • n 2 mp- q Mp- q 


, 2-P 


2 ~P , <?~ 2 \ p-2 


m 


M 

1 2 _ 1 _ . _ 

7 rp- 2 m p-iM(p- 2 )(p- 9 ) , . ._2__i 

- (j?) l A l P_ "- _a_ — ,-2 •( 1 + l / l p ~ 2 |A| *-«) 

\lvl / 1 + TT p ~ 2 Ul p ~ q M (p~ 2 )(p-i) 


q-2 


|A|p-« • max -j 1, |/| p- 2 \X\p- q ■ TTP~ 2 m p - q M (p- 2 )(p-<j) 

q-2 


TT P~ 2 M P~ 2 .. . ._ 1 _ , T , _ 2 _. 

-- g —2 • (|A|p~ 9 + |/| p- 2 ) 

1 + 7TP _2 7T7, p-i M (p~ 2 )(p~q) 


where we have used the inequality max{l, xy} > + x ) for all x,y > 0. This proves the 

last assertion of the Lemma. Using the fact that a solution (A, v) G has at least one nodal 
interval of length |/| < -Ly we obtain the lower estimate for ||u||oo from |j v \\^ > ||u|| £«>(/). 
The upper bound for ||v / || 00 follows from 

IHloo < [ K(r)l dr < f M (|A||u(r)| 9_1 + |u(r)| p_1 ) dr < M 9M v \\oo)- 
Jo Jo 

Recall that g\\\ was defined in (14. ip . 

The upper bound for IHloo is proved by a blow-up argument. Let us assume for contradic¬ 
tion that there exists a sequence (A n , v n ) in with A n < 0 and ||u n ||oo(l + lAnjp^) -1 —> oo 
as n —> oo. We set 

—i p~ 2 

v n (r) := t n v n (r n + t n 2 r) 

where t n := H^Hoo and r n G [0,1] denotes a maximizer of |u n |. Then (t n ) n is a sequence 
tending to +oo, and we have |h n (0)| = 1 as well as |h n (r)| < 1, the latter being defined 
whenever 0 < r n + tj} p ~ 2 ^ 2 r < 1. Furthermore, 


p-2 

2 


(r) = V n p h Xn (r n + t n 2 r,t n v n (r), \v' n (r n + t n 2 r 


p-2 

2 


From assumption (B3) we infer that the sequence of functions on the right hand side is 
bounded. The Arzela-Ascoli Theorem provides a subsequence of (v n ) n which converges locally 
uniformly along with its first derivatives to a function v G L 1 (J) which is defined on some 
unbounded interval J containing 0 and which changes sign at most j times on J. Since the 
sequence (||h^||oo)n is bounded we even have v G C 1,1 (J), i.e. v' is Lipschitz continuous so 
that v" exists almost everywhere in J. Moreover v satisfies |u(r)| < 1 for all r G J, h(0) = 1 
as well as 

m\v\ p < —v"v a.e. on J. 

Here we used the lower estimate from assumption (B3) and t n —> oo. In particular v is 
strictly concave on nodal intervals where v > 0 and it is strictly convex on nodal intervals 
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where v < 0 holds. Now let us show that each nodal interval is bounded. Indeed, if / is such 
an interval and |u(£)| = ||u||l°°(/) > 0 then a comparison between v and the unique solution 
of the initial value problem = ui|C| p-1 C; ('(0 = 0, £(£) = v(f) provides a finite upper 
bound for the length of I. As a consequence the union of the nodal intervals is bounded so 
that v has to vanish identically on some maximal unbounded interval J' C J, J' ^ J, the 
boundary of which has a common point r] G dJ' with some nodal interval. This, however, 
implies v{rj) = v'{rj) = 0 due to v\j = 0 as well as v'{rj) ^ 0 due to the strict concavity or 
convexity on the neighbouring nodal interval. Hence, the assumption was false and the result 
follows. □ 

Remark 4.2. From the estimates in Lemma\f. l\we deduce that nodal intervals of solutions of 
Q cannot degenerate within the parameter range A G (—oo,0]. More precisely we observe 
that shrinking a nodal interval (i.e. |/| —> 0) of j-nodal solutions can only occur for X —$■ — oo. 
In addition, the second estimate in the Lemma implies that there is no sequence of solutions 
(A k,Vk) with nodal intervals A such that ||ufc||z,°°( 4 ) tends to zero as k —$■ oo. This is quite 
remarkable given the fact that dead-core solutions are expected to exist for sufficiently negative 
A. We will use these observations in the proof of Theorem 1 6 . 51 part (ii). 

Before we can prove the a-priori estimates for nonnegative A we provide a technical result 
which gives some elementary information about the shape of any nontrivial solution of (13.31) . 
As usual a point xq G [0,1] will be called a node of v G Y if r>(xo) = 0 and v'(xq) ^ 0. The 
proof of the following Proposition is based on ideas taken from [ RW97 . p. 60-61]. 

Proposition 4.3. Let (Bl), (B2) hold and let (A, u) G E with A > 0. Then the function v 
has a finite number of zeros and each zero is a node. In particular the length of all nodal 
intervals sum up to 1. Moreover, each nodal interval I of v contains a uniquely determined 
point £ G I having the property 

KOI = IMU»(j), *A0 = °> ?, V° °nl\{£}- 

Moreover, max/ |t/| is attained on dI. 

Proof. The second claim follows from the observation that assumption (B2) implies 

—v"(r)v(r) = h\(r,v(r), |u'(r)|)u(r) > 0 whenever A > 0,u(r) ^ 0. 

Hence, |u| is strictly concave on every nodal interval which gives the result. 

Now it remains to prove that each zero of a given solution v is a node. To this end it 
suffices to prove v = 0 if v satisfies v(r 0 ) = v'(r 0 ) = 0 for some r 0 G [0,1]. We define 
g(r) := h\(r, z,\v'(r)\) dz for r G [0,1]. Multiplying the differential equation with 2v' 

and integrating from r 0 to r gives 

—v'(r) 2 = 2 f h x (t,v(t),\v'(t)\)v'(t)dt 
J r 0 

nr nr rv(t) 

= 2 / rf{t)dt — 2 / / d r h\(t, z,\v'(t)\) + d^hxft, z,\v'(t)\) signin'(t))v"(t) dz dt 

J ro J ro J 0 
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= 2 r}(r) — 2 




d r h\(t,z , |?/(i)|) + |v'(t)|) sign.(v'(t))v"(t) dzdt. 


Notice that differentiation under the integral is justified since (Bl) implies that the functions 
d r h\ and d^h\ are bounded on compact sets so that the dominated convergence theorem may 
be applied to the sequence of difference quotients. From (B2) and A > 0 we infer that r) (r) 
is positive whenever v(r) ^ 0. Now choose a sequence (r n ) in [0,1] with \r n — r 0 | < ^ and 
rj(r n ) = max{r/(r) : r G [0,1], |r — r 0 | < Then we have r)(r n ) 0 and assumption (Bl) 
implies for L := max{|u ,/ (i)| : t G [0,1]} and some positive number K 


0 > - g v '(r n f 


= V{ r n) ~ 

> r)(r n ) - 


n v (t) 

d r h\(t, z, |n'(t)|) + d^h\(t, z, |n / (i)|) sign (v'(t))v"(t) dz dt 

/»max{ro,r n } /»max{0,v(£)} 

/ / \d r h x (t,z,\v , (t)\)\ +L\d^h x (t,z,\v'(t)\)\dt 

/min{ro,r n } J min{0,?;(£)} 

/»max{ro,r n } /»max{0,?;(£)} 


> v( r n) ~ K(1 + L) 


= r}(r n ) - K{ 1 + L ) 


'min{ro,r n } J min{0,i;(£)} 
/•max{ro,r n } 


\h\(t, z, |i/(t)|)| dz dt 


h\(t , z, |i/(£)|) dz dt 


min{ro,r n } JO 
/»max{r 0 ,r n } 

I rj(t) dt 


= r](r n ) - K{ 1 + L) / 

J min{ro,r n } 

> rj(r n ) • (1 - K( 1 + L)\r n - r 0 |). 


This implies r}(r n ) = 0 and thus rj = 0 on [0,1] D [r 0 — y, r o + y] for sufficiently large n. Hence, 
v is trivial in a neighbourhood of r 0 and this implies v = 0 on [0,1]. 

Now it remains to prove that each zero of a given solution v is a node. To this end it 
suffices to prove v = 0 if v satisfies v(r 0 ) = v'(r 0 ) = 0 for some r 0 G [0,1]. We define 
rj(r) := f° (r) hi(r,z,\v'(r)\)dz for r G [0,1]. Multiplying the differential equation with 2v' 
and integrating from r 0 to r gives 

—v\r) 2 — 2 f h\(t,v(t),\v'(t)\)v'(t)dt 

J ro 

nr nr rv(t) 

= 2 / T}\t)dt — 2 / / d r h\(t, z,\v'(t)\) + d^h\(t, z,\v\t)\) sign(v'(t))v''(t) dz dt 

J ro J ro JO 

n v(t) 

d r h\(t , z, |i ;/ (^) |) + d^h\(t, z, |i/(t) |) sign(v'(t))v"(t) dz dt. 

_ 

Notice that differentiation under the integral is justified since (Bl) implies that the functions 
d r h\ and d^h\ are bounded on compact sets so that the dominated convergence theorem may 
be applied to the sequence of difference quotients. From (B2) and A > 0 we infer that r\ (r) 



INFINITELY MANY GLOBAL CONTINUA BIFURCATING FROM A SINGLE SOLUTION 


13 


is positive whenever v(r) ^ 0. Now choose a sequence (r n ) in [0,1] with \r n — r 0 | < A and 
v( r n) = max{? 7 (r) : r G [0,1], |r — r 0 | < Then we have r](r n ) —> 0 and assumption (Bl) 
implies for L := max{|i/'(t)| : t G [0,1]} and some positive number K 


0 > ~v'(r n ) 2 

rr n rv(t ) 

= v( r n)~ / / d r h x (t,z, \v'(t)\) + d^h x (t,z, \v'(t)\) sign(v'(t))v"(t) dz dt 

J ro JO 

/*max{ro,r n } /»max{0, 4;(£)} 

>v( r n)~ / \d r h x (t,z,\v'(t)\)\ +L\d ( hx(t,z,\v\t)\)\dt 

Jmm{ro,r n } J min{0, , y(t)} 

/»max{ro,r n } /•max{0,u(t)} 


> r)(r n ) - K(1 + L) 


= 7 7 (r n ) - K{ 1 + L) 


'mintrojr,,,} v/min{0,t)(l)} 
(■max{ro,r„} /•!)( t) 


\h\(t, z, |i/(£)|)| dzdt 


h\(t, z, |n'(f)|) dz dt 


min{r 0 ,r„} J 0 
/•max{r 0 ,r„} 

I 7](t) dt 


= r 7(r„) - /t (1 + L) / 

Jmin{ro,r„} 

> 77(r n ) • (1 - K{ 1 + L)|r n -r 0 |) 


This implies ?/(r n ) = 0 and thus rj = 0 on [0,1] D [r 0 — r 0 + i] for sufficiently large n. Hence, 
v is trivial in a neighbourhood of ro and this implies v = 0 on [0,1]. □ 


Now let us prove the a-priori estimates for positive A. The idea of our approach comes 
from the analysis of the one-dimensional Ambrosetti-Brezis-Cerami problem 


— u" = X\u\ q 2 u+\u\ p 2 u in (0,1), 
u( 0) = u( 1) = 0, 


where the existence and the precise shape of the solution continua enjoying the properties 
(i)-(v) from Theorem 13.21 can be proved using the so-called energy method or time-map 
technique. We refer the interested reader to Appendix A for the proof of the corresponding 
result, cf. Theorem 16.51 The primitive of the map g\ from (13. 5 p is denoted by 

G x (z) = -\z\ q + -\z\ p for z G K. 
q p 

For A > 0 the ’’time map” T\ : M >0 — > M>o associates to a > 0 the first time t > 0 such that 
a solution u of 


(4.3) 


- u" = g\{u), u(0) = 0, Hwllco ^ a 


satishes \u(t)\ = ||m||oo = ot. Observe that such a solution is uniquely defined up to sign. The 
time map is given explicitly by 


(4.4) 


T x (a) 


[ 1 - dz. 

Jo y/2(G\(a) — G\(z)) 
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Since a solution u of (14.3j) with u(T) = ||m||oo satisfies u(T +1) — u(T — t ), it follows that 
a solution a of T\(a) = yields a j-nodal solution of (14.21) with |^( 2 ^+ 2 )I — |M|oo = ol. 
This fact will be proved in Proposition 16.31 In the analysis of the nonautonomous boundary 
value problem (13.31) . however, such an exact solution theory is out of reach since the a-priori 
information about the localization of maximizers of an arbitrary solution of (13.31) with j + 1 
nodal intervals is not available. Nevertheless we find a weaker result stating that every such 
solution of (13.31) satisfies 

. , yfm ■ Sj m ... .. , vM ■ t« 1 

( 4 -5) -g- - Ta (IHU) - - 2 - where s i = a J{j + iy tj := 1 _ 3Sj ' 

Here, the number a > 1 is given by 

(4.6) a := max { (— 

l V rn / \ m / J 

and the positive numbers C \, C 2 > 1 will be provided in Proposition 14.61 I 11 the proof of 
the a-priori estimates for A > 0 we will need several properties of the time map T\ which 
we summarize in the following two Propositions 14.41 and 14.61 the proofs of which we defer 
to Appendix B. These prelimary results tell us that for positive A the time map T\ may be 
qualitatively depicted as in Figure 121 



Figure 2. Qualitative plots of T A for q = 1.5, p = 4 and A E {0.1, 0.2,1,10, 50}. 


Proposition 4.4. For all A > 0 there is a uniquely determined a\ > 0 such that T\ is strictly 
increasing on (0, qa] and strictly decreasing on [cp^oo). Moreover, we have 

lim T\(a) = lim T\{a) = 0 

a->-0+ a->oo 

and there is a positive number C 3 > 1 such that T\(ct\) < C 3 X^ 2 ~ p ^ 2(j> ~ q ^ for all A > 0. 
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Remark 4.5. Explicit calculations give for a > 0: 

1 




VI - sP 


ds • V 2 -^ 2 . 


In particular, the time map To does not have the properties described in Proposition [JV} This 


corresponds to the fact that the bifurcation result from Theorem \3.2\ (iv)(a) is not true for 
A = 0 while it is true for all A > 0. 


Proposition 4.6. There are positive numbers C \, C 2 > 1 only depending on p,q such that 
for all A > 0 the following estimates hold: 


Gx(Pi) 

Gx(h) 

Gx(Pi) 

G x (/3 2 ) 

Gx(Pi) 

Ga(A) 


<C X 

<C 2 




TxUh)- 

T\(/3 2 ) \ 2 p/(p~ 2 ) 


Tx(J3i) 

< C\C 2 min 


Tx (Pi)y q /(2- q ) ,T x (p 2 )yp/(t- 2 ) 
Tx(a x )J ’ \T x (a x )J 


for 0 < Pi, p 2 < ax, 
for Pi,P 2 > ax, 
for p x <a x < P 2 . 


Next let us use these technical propositions in order to prove a priori estimates for j-nodal 
solutions of fid.311 . 


Lemma 4.7. Assume that (Bl), (B2) hold, and fix j G No- Then the following estimates 
hold for all (X,v) G S± with A > 0: 


A < 


2C 3 (j + l)\2(p-g)/(p-2) 


m 




m ■ s-j m ... .. , \J~M ■ tj 
- <Tx V oo < „ J 


|V||oo < xf2MGx{\\v\\ 00 ) 


where Sj, tj are given by (14.51) . 


Proof. Let (X,v) G £j be a solution of (13. 3 p with closed nodal intervals Iq, . . . ,Ij of length 
Iq, ... ,lj >0 satisfying l 0 +... + lj = 1; see Proposition 14.31 We set a : = |H|l°°([o,i]) an d Pi 
11u11 l°°(a) for i — (),... ,j. Proposition 14.31 implies that every nodal interval I, =: [ry , ry + /,-] 
contains a uniquely determined point G I, having the property 

(4-7) \v(ii)\=Pi, «'(&) = 0, v' V0 on[rn,rn + li\\{£i}, 

and max/. | v '| is attained on dp. 

Step 1: Estimate for Pi in terms of lj. Our first aim is to prove for i = 0 ,,j the 
estimates 

(4.8) V™h < Tx(Pi) < an d ^2mG x (Pi) < \v '\arj < \J2MG x (Pi). 

We only prove the assertion in case v\j i > 0 since the reasoning for the case v\j i < 0 is similar. 
From (14.7(1 and (B2) we get 

-v"v' = h x (r, v, \v'\)v' > mgxiy)v' on [rji, &], 


- v "v' = hx(r , v, \v'\)v' < mgx{v)v' on [&, r/; + k]. 


and 
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Integrating these inequalities from x to for all x G /, gives 
(4.9) ( v'f > 2 m(G\(Pi) - G\(v)) on I { . 

From this inequality and (14.71) we infer 


2 T a (A) = 


rfr 


'o y/2(G x (Pi) - G\(z)) 

r v (&) i 

Lm y/2{GM) - 

f ^ v'(t) 


dz + 
cfo + 
dt T 


o v/2(G a (A)-G a (z)) 
r v di) i 


dz 


Am+k) \/2{G\(l3i) — G\(z)) 

fVi+k 


dz 


U 42 (G A (ft) - G A (t>(i))) 4 VWIK) - G&m 


dt 


rii rvi+i i 

> / \/m dt + \fm dt 

JVi J £i 

(4.10) = \fml l 
and similarly one proves 

(4.11) (i/) 2 <2M(G a (A)-G a (u)) on/,, 2T A (ft) < VmI l . 


* Vi+k 


The inequalities (j4.9l) (14. 1 ljl and G A (n)|a/, = u|aZi = 0 imply (14.81) . 

57ep Estimate for Hn'Hoo. Proposition 14.31 implies ||= maxg/ i |n'| for all i G 
{0,..., j}. From (14.8)) and the monotonicity of g x , G\ we deduce 

IM|l°°([o,i]) = max 11 1 /11 1 , 00 ( 7 .) < max x /2MG x (f3 i ) = \J2MG x (a). 

i=0,...,j i=0,..., j 

Step 3: Estimate for A. From l 0 + ■ ■ ■ + lj = 1, (14.81) and the inequality T a (ck a ) < 
C 3 \^ 2 -p)/‘ 2 (p- q ) from Proposition 14.41 we obtain 


(4.12) 


V™ < 
2 (j + 1) “ 



max l k < T x (a x ) < C 3 \ {2 ~ p)/2{p - q) 

k=0,...,j 


and hence the estimate for A. 

Step 4 : Estimate for and ||u||oo- From (14.81) we obtain the estimate for ||u||oo 

once we have shown the inequality 


(4.13) 


Sj < li < tj for all i G {0,... ,j}. 


Since this estimate is trivial in case j = 0 we only consider the case j > 1. Due to l o + 
... + lj = 1 and tj = 1 — jsj, see (14.51) . it suffices to prove the lower estimate. Since 
dli D dl l+ 1 is non-empty for all i G {0,... ,j — 1} we infer from (14.8)) that the intervals 


y/2mGxifc), V / 2MG a (A) 


and 


v/2mG A (A+i), v / 2MG a (A+ i) 


overlap. In particular this 


entails 


m ^ G\(/3i) m ^ G x ((3 i+ 1) 

M ~ G A (ft +1 ) ” M ~ G A (ft) ' 


(4.14) 
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In view of the case distinction from Proposition 14.61 we define the covering {Ji, J 2 } of the 
index set {0,... ,j — 1} as follows: 

J\ := {i E {0,..., j - 1} : A < a x < A+i or A+i <a x < A}- 
J 2 ■■= {i E {0,..., j - 1} : A,A+i < or «a<A,A+i}- 
1st case: J 2 = 0. From Proposition 14.61 we get for all i G {0,..., j — 1}: 


From (14.81) and ()4.12j) we deduce: 
yfMl t ^ m „ „, „ m x / m 


Fa (A) 

T\(a\) / 

f a (A) \ 2 ^/m 

T x (a x )J 


2 

t/MI, 


> F a (A) > F a («a) • 

> TM) > T x (a x ) • 


MC X C 2 

m 

MC X C 2 


(2-q)/2q 


> 


if A < «a, 


if A > «a- 


m 


m 


2 (j + 1) VMCiCs 


(p-2)/2p 


> 


m 


2 (j + 1) VMAA 


m 


(2-q)/2q 


(p—2)/2p 


if A < «a, 


if A > «a, 


which, by definition of a and Sj in (j4.5j) . in particular implies 


k>~ 


3 + 1 


■ mm 


Q^\ Cl c 2 )^} = 


m \ (p—!)/?>, 


——-- > Si 

a(j + 1) 


so that (I4.13P is proved in this special case. 

2nd case: -J x — 0. Using the estimates from (14.1411 . Proposition 14.61 and (14. 8|) we obtain 
for all i G {0,..., j — 1}: 


m / \[Mli \ 2 9 /( 2 - 9 ) 

M ~ 1 \ x /ml i+1 ) 
m / -\[Ml i+ 1 \ 2 p/(p- 2 ) 

m - 2 v afa ) 

In both cases the choice for a from 
i G {0,..., j — 1} and thus 

1 = Iq 1j 8 min{7o, • 


m < /AM/ i+1 \2q/(2-q) 

M ~~ \ s/mli ) 

m / y/Mli \ 2 p/(p- 2 ) 

M ~ 2 \ x /ml i+ i) 

(14.611 and C \, C 2 > 1 imply a~ 


if A, A+i < «a, 


if A, A+i > «a- 


(/) i 8 ^ al 


i +1 


.., h,} • (1 + a + ... + A) < min{Z 0 ,..., ' 


1 


for all 


which gives (14.1311 . 

3rd case; A A 0) J 2 A 0- As in the previous cases we obtain a _1 /j+i < k < aU + \ for all 
i G Ji as well as 4,4+i > A Sj for all k G J 2 . For any given i G A choose fc(i) G J 2 

such that |/c(z) — i| = min{|fc — i| : k G J 2 }. Then we have 


k > a~H l+ 1 > ... > a-MWlw > a-0'- 1 ) 

h > a" Vi > ... > a -(i-fc(0- 1 ) Zfc( . )+1 > a -0-i) 


1 

a(j + 1) 
1 

a(j + 1) 


= S-i 


= Si 


in case k(i) > i, 


in case k(i) < i, 
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which is all we had to show. This finishes the proof. 


□ 


5. Proof of Theorem 12.11 and Theorem 13.21 


Since we are going to use Leray-Schauder degree theory we introduce the solution operator 
S\ : Y —* Y associated to the boundary value problem (13.31) . Using the Green’s function 


G : [ 0 , 1 ] x [ 0 , 1 ] M, 


x(l — s) if 0 < x < s < 1 , 
s(l — x) if 0 < s < x < 1 , 


of the differential operator — on the interval (0,1) associated to homogeneous Dirichlet 
boundary conditions we define 

S\(v) :=v- [ G(-,s)h x (s,v(s),\v'(s)\)ds. 

Jo 

This defines a continuous and compact perturbation of the identity. A solution (A,u) of 
S\(v) = 0 is a classical solution of (16.41) . In order to prove that the degree of So over a 
suitable open set (whose closure does not contain the trivial solution; see (15.31) 1 is non-zero 
we introduce the homotopy H :Y x [0,1] > Y given by 

(5.1) H(v, t ) := v — J G(-, s ) (t ■ m|n(s)| p_2 u(s) + (1 — t) ■ h 0 (s, v(s), |r/(s)|) j ds 

which relates the original boundary value problem (13. 3 p for A = 0 to the autonomous bound¬ 
ary value problem 

(5.2) — v" = m\v\ p ~ 2 v, n(0) = v(l) — 0. 


Here, the positive number m is given by assumption (B2), (B3). The following result is 
well-known, we include a proof for completeness. 


Proposition 5.1. For all j G No the boundary value problem (15.21) has a unique solution 
with precisely j nodes in (0,1) and positive slope at 0. This solution, called Q, satisfies 


iioiu = ((j + i)uf (\i - s-r^ds) 

\ V TTI In ' 


, 2/(p-2) 


and it is nondegenerate, i.e. the boundary value problem 

-f" = (p - iHGrV, 0(0) = 0(1) = 0 


only has the trivial solution. 


Proof. After rescaling we may assume m — 1 . Observe that (|5.2j) has a unique positive 

2 

solution Co which extends to an odd, 2-periodic function on M. Then (jfx) = (j + l) p_2 Co((j + 
l)a:) is the unique solution of (15. 2 p with j nodes and Cj(0) > 0. Notice that the explicit 
formula for T 0 from Remark 14.51 and the equation To(||Co||oo) = ^ yield the desired formula 
for IKolloo, hence for ||Cy||oo- 

It remains to prove non-degeneracy of Q. Since for all a > 0 the function v a (x ) : = 
a 2 /(p- - 2) G (ax) satisfies n Q (0) = 0 and — v" a = \v a \ p 2 v a we obtain that the function 99 : = 
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-j^\a=iv a spans the one-dimensional linear space consisting of all solutions of the linear dif¬ 
ferential equation —0" = (p — l)|Cj| p_2 0 with 0(0) = 0. From 1) = 0 and £j(l) ^ 0 we 
infer 


<p(l) = 


d 

da 


v a(X) — q Cj(1) + Cj(l) 0. 

Oi=± p — Z 


Hence the boundary value problem 

- 0 " = ( P -i)ior 2 0 , 0(0) = 0(1) = o, 


only has the trivial solution which proves that Q is non-degenerate. 


□ 


Proof of Theorem Id. 21 We fix j G No and prove the assertion for only; the proof for Z>- 
proceeds analogously. For t G [0,1] we define 

hf : [0,1] x R x M> 0 —> M, hf{r, z,£) = t ■ m\z\ p ~ 2 z + (1 — t) ■ h 0 (r, z,£) 

so that solving H(v,t) = 0 is equivalent to solving the boundary value problem 

—v"{r) = /0(r, v(r), |u'(r)|), n(0) = n(l) = 0. 

Since kf satisfies (Bl) as well as the inequality from (B2) for A = 0, the a-priori estimates 
from Lemma 14.71 for A = 0 yield 0 0 iL(<9V) + , [0,1]) for the homotopy H from (15.ip where the 
bounded open set V + C Y is given by 

(5.3) 

10 + := G Y : v ^ 0 has precisely j + 1 nodal intervals /o, ■ ■ ■, Ij , sign(u|/ fc ) = (—l) fc 

and Sj < Todl^Hoo) < Vm -tj, Hu'Hoo < 2 a/MG 0 (||u||oo)|- 

Moreover, Proposition 15.II gives that Q is the only solution of H(v, 1) = 0 in V5+ and that this 
solution is non-degenerate. Hence, the homotopy invariance of the Leray-Schauder degree 
yields 

(5.4) deg (So, Vp 0) = deg (H(-, 0), f/ + , 0) = deg (H(-, 1), H+, 0) = ind(^(-, 1), Q ^ 0. 

Now let Plf denote the maximal connected set in Sj containing the nonempty set of all 
solutions (0,u) of S 0 (v) = 0 with v G Vp We define the subcontinua V^ <0 ,V^ >0 by 

®t <0 : = « A .«) 6 A < 0}, 2>+, 0 := {(A, v) e ©+ : A > 0}. 

For a better understanding of the following proofs of the parts (i)-(iii) we include Figure [3] 
which depicts the a priori bounds using dashed lines and the boundary of the open sets O 
appearing in (i),(iii) using dotted lines. 


Proof of (i): Since c Sj is connected and contains solutions of (|3.3[) lying in {0} x P 
we deduce that every (A, v) G Vlf belongs to St. Indeed, one may use Proposition 14.31 and 
Lemma [4.11 to show that the set of nontrivial solutions with j + 1 nodal intervals Jo, ... ,/j 
and sign (—l) fc on Ik is open and closed in S; see Remark 14.21 Furthermore, the a-priori 
estimates from Lemma 14711 and Lemma 14.71 imply that for all e > 0 there is a positive number 
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A < 


> A 




FIGURE 3. A priori bounds, the open sets O and the solution continua 


c £ such that IHloo > c £ for all (A,u) G E^ with |A| > e. Hence, we have (A,0) ^ E^ for all 
A 7 ^ 0 and thus 

Bf\C+c{(0,0)}. 

It remains to show (0, 0) G 2Ah >0 for all j G No- If this were not true then the a-priori 
estimates from Lemma 14.71 and Whyburn’s Lemma (see for example Lemma 3.5.2 in [ Cha05 ]) 
would provide a bounded relatively open set O in M> 0 x Y such that 'D+ >0 C O, (0,0) ^ O, 
and such that the relative boundary of O does not contain any solution of the equation 
S\{v) = 0; see Figure El Since the slice (Z>A) 0 contains all solutions of S 0 (v) = 0 in V) + so 
does O 0 , and we deduce, using the excision property and the generalized homotopy invariance 
of the Leray-Schauder degree, 

deg(So, h^ + , 0 ) = deg(So, O 0 , 0 ) = lim deg(S' A , O x , 0 ) = 0 

J A->+oo 

which contradicts (I5.4jl . Hence, we obtain (0,0) G V+ and claim (i) is proved. 

Proof of (ii): This follows immediately from (i) because the sets T >^ are pairwise 

disjoint by definition. 

Proof of (in): We first show that Fj(<o is unbounded to the left. Otherwise we could use 
Whyburn’s Lemma and the a-priori estimates from Lemma 14.11 to find a bounded relatively 
open set O in M< 0 x Y with 2W < 0 C O such that the relative boundary of O does not contain 
any solution of (13.31) . As above we get 

deg (So, Vj + , 0) = deg(S 0 , O 0 , 0 ) = lim deg(S' A , O x , 0 ) = 0 

A—>—oo 


















INFINITELY MANY GLOBAL CONTINUA BIFURCATING FROM A SINGLE SOLUTION 


21 


which contradicts (15.41) . Hence, we obtain 


(5.5) pr(P+< 0 ) = (-oo,0]. 

Now let us show that the positive numbers A.+ := max pr((D() >0 ) tend to infinity as j —> oo. 
The continuum X?t >Q contains a solution (0,Uj) with Vj G V) + and (15.31) implies TodlvjHoo) < 
\/M ■ tj. The formula for To from Remark 14.51 and tj < i 


(5.6) 


Khlloo — 


P 

2 M 


, ds 


\ 2/(p-2) 


> 


give 


P 

2M 


VI - sp > 


\ 2/(p—2) 

ds) 


Since is connected, for any A > 0 smaller than the right hand side in (15. 6 p there is 

a solution (/j,j,Wj) G T>^ >0 such that 11 Wj \\<*, = A. By definition of At we moreover have 
/ij < At. If a subsequence of (A J~)j were bounded from above then so would a subsequence 
of and the Arzela-Ascoli-Theorem would yield a convergent subsequence of (jij, Wj) r 

Since the number of nodes of Wj tends to infinity as j —» oo the limit function would be a 
solution of (13.3p having at least one zero of multiplicity two. By Proposition 14.31 this limit 
function would have to be trivial which contradicts 11 vjj \\^ = A > 0 for all j G N 0 . Hence, 
the assumption was false and thus A^ —» oo as j —> oo. 

Proof of (iv). From the lower a-priori estimates from Lemma [4. II we obtain 


(5.7) 


limsupP7^ 0 _ 0. 

j ~>°o 


Now assume for contradiction that there is e > 0 and (A j,vf) G satisfying the inequal¬ 
ities e < ||uj||oo V £ -1 and 0 < Xj < e _1 for infinitely many j G No- Arguing as in the proof 
of (iii) we may use the Arzela-Ascoli Theorem to find a uniformly converging subsequence 
which converges to the trivial solution which contradicts £ > 0. Hence, the assumption was 
false and we obtain 


(5.8) limsupT>+> 0 C P|{(A,n) G M> 0 x Y : (A, ||u||oo) ^ [0,£ x ] x [e,£ = M> 0 x {0}. 

J-* 50 £>0 

From (15.7p and (15. 8 p we get 

(5.9) lim sup Vlf C M>o X {0}. 

3-*°o 

On the other hand (i) implies (0, 0) G lim inf so that assertion (iv) is proved once we 

show (A, 0) G lim inffor all A > 0. Indeed, once this is proved we have 

x {0} C lim inf c lim sup Ph c M> 0 x {0} 

j —^oo 

which gives the result. Since the claim (A, 0) G lim inf j_ HX) is a direct consequence of 
(iv)(a) it remains to prove the claims (iv)(a) and (iv)(b). 

Proof of (iv)(a),(b): Let A G M be fixed. According to (iii) there is a smallest number 
j + (A) G N 0 such that 


A+ > A for all j > j + (A), 
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in particular j + (A) = 0 for all A < 0. From (15. 5 p and the definition of A+ we infer A G 
(—oo,A+] = pr(X?+) so that we may define vj~, v+ to be the nontrivial solutions of (13. 3 p in 
of least respectively largest maximum norm. These (not necessarily different) solutions 
exist due to our a-priori estimates and the Arzela-Ascoli Theorem since minimizing and 
maximizing sequences of solutions of (13.311 are equibounded away from zero or infinity. Now 
let us prove Hu+Hoo — * oo as j — * oo for every A G K. and ||tA||oo —* 0 as j —> oo for every 
A > 0. Observe that Halloo —;> 0 implies ||ub|| c i —1 > 0. 

So let e > 0 be arbitrary. From (15. 9 p we infer that there is a natural number j + > j + (A) 
depending on A and e such that 

(IMI°o,/u) i [0,£ -1 ] X [— |A|, 0] U [e,£~ l ] x (0, A] for all G T>j,j > j + , 

see Figure SI In case A > 0 the connectedness of Vf implies ||u+||oo < £, Halloo > £ _1 
whereas in case A > 0 we have Hu^Hoo > e^ 1 . Since e > 0 was chosen arbitrarily we obtain 
that (A, 0) is a bifurcation point for (13.3p for positive A and that A is a bifurcation point at 
infinity for all A G K. Finally, Proposition 14.41 and Lemma 14.71 imply that (A, 0) is not a 
branching point for (13.3p since the number of nodal intervals is constant along continua away 
from the trivial solution. Similarly the a-priori estimates from Lemma 14.11 and 14.71 imply that 
there is no branching point at infinity at any given AgI. 


c 1 



Figure 4. Illustration for the proof of part (iv) 


Proof of (v): Now assume that (B4) is satisfied. Then every solution (A, v) of (13.3p satisfies 

/ v'(r) 2 dr= / h\(r, v(r))v(r) dr. 


i 


i 
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In case A > 0 the solutions (A, yff ) from (iv)(a) exist for j > j + ( A). Using the above identity 
as well as H^Hoo —> 0 as j —> oo we obtain from the second inequality in (B4) 

h(v^) = \ [ {vf)'(r) 2 dr- [ Hx(r,y£(r)) dr 

= \ J ( h \( r ivt( r ))v~j(r) ~ 2 v+(r))) dr 

-A 0“. 

Now let A € R be arbitrary so that the solutions (A ,Vj~) from (iv)(b) exist for j > j + (A). In 
order to prove I\ (v +) —> oo as j —> oo we use the estimate 

K\\lo< rW)Wdr 

Jo 

= (1 — t) J h A (r,u+(r))uh(r) dr + t ■ ^2/ A (u+) + 2 J H x (r,v1f (r)) dr^j 

= 2 tI x (y+)+ f 2tH x (r, Vj{r)) + (1 - t)/r A (r,u+(r))u+(r) dr 
Jo 

for all t G BL From the first inequality in assumption (B4) we obtain h x (r,z)z > /iH x (r,z) 
for some /j, > 2 and all r G [0,1], \z\ > Zq. Using the above estimate for t = we obtain 
2 tH x (r, z) + (1 — t)h x (r , z)z < 0 for all r G [0,1], \z\ > z 0 and thus 

||u+|| 2 < 2 tl x (yj) + C where C : = max 2 tH x (r, z) + (1 - t)h x (r, z)z 

J 0 P|<20,re[0,l] 

From llu^lloo —> oo as j —* oo we obtain the result. □ 


Proof of Theorem \2.1\ Let the assumptions of Theorem 12.II hold, so that f x is a nonlinearity 
satisfying the assumptions (Al), (A2), (A3) forl<g<2<p<oo and mi, Mi > 0 and 
Jli(A,s) as required. Let then h x be defined as in (I3.4|h i.e. 

h\ {r,z,£) = (p'(r) 2 f x ((j)(r),z,f/(j)'(r)). 


Then h x satishes (Bl), (B2), (B3) where m, M, K(\, s) are chosen as in (I3.5|h Indeed, the 
estimate m 2 < <f>'{r) < M 2 for all r G [0,1] from Proposition 13.11 (ii) yields the following 
inequality for r G [0,1], 0 < \z\, f < s: 


\d r h x {r,z,£)\ 


20'(r)0"(r)/ A (0(r), z, f/0'(r)) + 0'(r) 3 <9 r / A (0(r), z, f/f'ir)) 


~ ^"(r)dj x ((/)(r), z, f/ffr)) 

< (2\f\r)\\nr)\ + (\ ( j ) '(r)f + s\nr)\)Ki(\ : s/m 2 )) ■ \f X (f(r), z,f/f'(r))\ 

< (2||0"(0')~ 1 ||oo + (Halloo + sW^Y^UK^s/mf)) ■ \h x (r,z,0\ 


< (2m 2 1 ||0"|| oo + (M 2 + sm 2 2 ||0"|| oo )/li(A, s/m 2 )) ■ \h x (r,z,f)\ 


< K(X,s)\h x (r,z,f)\, 
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\d^h x (r,z,C)\ < W(r)\\dth(<j>(r),z, £/0'(r))l 

< I <f>'(r)\K 1 (\,s/m 2 ) ■ \f\((f)(r), z,£/<f/(r)))\ 

< rrq 1 K l (\,s/m 2 ) ■ \h x (r,z,£)\ 

< K(\,s)\h x (r,z,£)\. 

Moreover, if f x satisfies (A4) then h x satisfies (B4). By Theorem 13.21 there are solution 
continua Df enjoying the properties (i)-(v) from Theorem 13.21 We set 

cf := {(A, (v o 0- 1 ) (| • D) G M X X : (A, v) G Vf} 

where £> : [0,1] —> \pi, p 2 \ is the diffeomorphism from (13.21) . Then Proposition 13.11 implies 
that Cf consists of solutions of (13.3|) having precisely j + 1 interior nodal annuli A 0 ,... ,Aj 
with sign ±(—l) fc on A^. The claims (i)-(iv) from Theorem 12.11 follow directly from the 
corresponding statements in Theorem 13.21 and ||u o £> _1 (| • |)||z,°°(f 2 ) = |M|oo- The proof of 
claim (v) is, up to textual modifications, the same as in Theorem 12.11 so that the proof is 
finished. □ 


6. Appendix A - The one-dimensional Ambrosetti-Brezis-Cerami problem 


In this section we present the time map analysis which allows to find all nontrivial solutions 
of the one-dimensional Ambrosetti-Brezis-Cerami problem 

(6.1) — u" = \\u\ q ~ 2 u + \u\ p ~ 2 u = g x (u) in (0,1), w(0) = u(l) = 0, 

where l<g<2<p<oo. As before we set G x (z) = A \z\ q + ^\z\ p for z G M and 


T x (a) 


[ 1 - ds. 

Jo y/2(G X (o>) — G x (s )) 


We recall that a subinterval I C [0,1] is called a nodal interval of a solution u of (16.ID if |u| 
is positive on I and vanishes identically on dI. A first step towards a complete picture of all 
nontrivial solutions of (16.ID is the following result. 


Proposition 6.1. Let A G I and let u be a solution of (16.ID with nodal interval [a,b\ C 
[0,1]. Then (a,b) contains precisely one critical point. It is given by £ = ^ and we have 
u(£ + t) = u(£ - t) for |t| < 

Proof. In order to prove the first claim we show that every critical point £ of u is a local 
maximum in case n(£) > 0 and a local minimum in case w(£) < 0. Indeed, multiplying the 
differential equation (16. ip with 2 vf and integrating the resulting equation from a to £ gives 

p \ p 

u\a ) 2 = - K£)|«+-K£)|* 
q p 

where we have used n 7 (£) = u(a) = 0. Hence, the first claim follows from 

-u"(()u(0 = AMOT+ | U R)P> = |ti'(o) 2 + ^M?)r > 0. 

2 p 
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Moreover, since g\ is locally Lipschitz-continuous on M \ {0} we obtain that the initial value 
problem at £ has a unique solution which implies w(£ + t) — u(£ — t) for a < £ — t, £ + t < b. 
From u(a ) = u(b) = 0 and \u\ > 0 on (a, b ) we infer £ = ^ which gives the result. □ 


Now let us determine all solutions of (16.111 with a given nodal interval [a,b\ C [0,1]. The 
next Proposition shows that every solution a > 0 of the scalar equation T\(a) = generates 
precisely two such solutions which have maximum norm a. To this end we introduce the 
function </> QiA given by 


( 6 . 2 ) 





1 

a/2 (G x (a) - G X W 


ds 


for 0 < z < a 


which is well-defined for a > (~where A_ = max{0, — A}. Notice that in case 
a < (^-) 1 ^ p ~ q ' > the argument of the square root appearing in (16.21) attains negative values. 
The critical case a = (sA^) 1 /^ -1 ?) w ill later play a central role in the analysis of dead-core 
solutions. 


Proposition 6.2. Let A G K, [a, b] C [0,1] and a > 0. There is a solution u of (16.1|) with 
nodal interval [a, b\ and ||m||oo = a if an d only if 

(6.3) a>(^) V(p_9) and T\(a) = ———• 

q 2 

In this case every such solution is given by u = ±w at \ where 
w a ,x(x) := - a) for a < x < w a ,\(x) := <j)~\{b - x) for^<x<b. 


In particular we have u'(a) = 0 if and only if a = ^ ■ 

Proof. Let first u be a solution of (16. ip with nodal interval [a, b] and |H|oo = ot. We may 

assume u > 0 on (a, b) so that Proposition 16.11 yields v! > 0 on (a, ^) and u () = a. 

Multiplying (16.11) with 2 vl and integrating the resulting equation from x to g ^- gives 

(6.4) u\x) 2 = 2(G a (o) - G x (u(x))) for x G ^a, —^ • 

Hence, Proposition 16.11 implies G\(a) > G\(z) for all z G (0, a) and thus a > (^^y/ip-i)_ 

Moreover, m gives 


(p a ,\(u(x)) = 


u\t) 


dt — / 1 dt = x — a for x G (a, 


la y/2{G x {a)-G x (u{t))) 

and we obtain the solution formula u = w ai Furthermore, (16. 3 p follows from 


a + b\ 
2 ) 


T\(a) 


r i 

Jo \j2{G\{a) - G\{s)) 



b — a 
2 


and (16.41) implies that we have u'(a) = 0 if and only if G x (a) = 0 which is equivalent to 
a = (£A^) 1 /(p - '?)_ yi ce versa, if a is a solution of (16. 3 p then ±w a ,\ is a solution of (16. 1 p with 
maximum norm a and nodal interval [a, b\. This finishes the proof. □ 


























26 


THOMAS BARTSCH, RAINER MANDEL 


The next step is to investigate how these solutions can be patched together in order to 
find solutions of (16.111 by solving the initial value problems at the boundary of each nodal 
interval. Looking for solutions with precisely j + 1 nodal intervals the following threshold 
value plays a significant role: 

(6.5) Xj, := . y + 

In the next Proposition we show that for A > Ay* solutions with j + 1 nodal intervals have 
precisely j interior nodes located at jA_,..., and that each solution is pointwise symmetric 
with respect to all of its nodes. When A tends to Ay* from the right the slopes at the zeros 
tend to 0 and dead core solutions appear for A < Ay*. We show that the set of all dead 
core solutions of (16.ip for a given A < Ay* can be described by j + 1 discrete parameters 
o~q, ..., <jj £ {—1, +1} and j + 1 continuous parameters a 0 ,... ,aj belonging to 

2j \ \= {a £ [0,1] J+1 : 0 < ao < no + /(A) < a\ < a\ + /(A) < ... < cij < cij + /(A) < 1}. 


where /(A) is the length of the nodal interval of an arbitrary dead core solution given by 


( 6 . 6 ) 


m ■■= m 


Q 


1 /|A,J\ (p- 2 )/ 2 (p-g) 

J+Tvw) 


For a verification of the latter equality one uses Proposition 16.41 (VI (to be proved later). The 
following Proposition proves that the nontrivial solutions of (16.IK with precisely j + 1 nodal 
intervals in [0,1] look like the functions in Figure [5] 



A < A 


j* 


0 



Figure 5. Qualitative plots of the solutions 


•Mg 

1 




Proposition 6.3. Let j £ No, A 6 1 and let u be a solution of (16.IK with precisely j + 1 
nodal intervals in [0, 1], set a := ||n||oo- Then the following holds: 
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(i) In case A > A y* we have T\(a) = and 

k 


u{x) = ±(-l) WaJx- 


j + 1 


for all x G 


k k + 1 


lj + lj + li 


and k = 0 ,..., j. 


(ii) In case A = A y* we have a = (l/bri) '/(p q) anc i there are do,, cry G {—1, +1} sttcTi 
that 


u(x) = <r k w a> x(x- - 


k 


J + 1 


for all x G 


k k + 1 


L.7 + 1.7 + 1 


and k = 0 ,..., j. 


(in) In case A < A y* we Tiaue a = (^lAi) 1 /^ «) and there are cr 0 ,..., cry G { — 1,+1} and 
(ao, .. • , ay) G Zj \ such that 

u = 0 on [0, ao] U [ao + /(A), ai] U ... U [ay_i + /(A), ay] U [ay + /(A), 1] 
and 


u{x) = CkU) a ,\(x — afe) /or x G [a*, a*; + 7(A)] and all k = 0,...,/. 

Proof. The proof of this result is accomplished in the following way. Given a solution u of 
(16.11) with precisely j + 1 nodal intervals we show that 

(a) u'(0) 7 ^ 0 implies A > Ay* and u is given by the formula from (i) and 

(b) w'(0) = 0 implies A < A y* and u is given by the formulas from (ii) or (iii) according 
to A = A y* or A < Ay*. 

In case u'( 0) ^ 0 let l > 0 denote the first positive zero of u. Then Proposition 16.21 gives 
u = ±w a ,a on [0, l] and T\(a) = | for some a > (t^y/ip-q )_ Using the symmetry of w a ,\ we 
get u'{l) = —u'{ 0) and thus u = Tuia,\{- — l ) on [1,21] again by Proposition 16.21 Inductively 
we obtain u = ±(— l) k w a ,x(- — kl) on [ kl, (,k + 1)7] for all k G No- Since u satisfies u( 1) = 0 
and has precisely j + 1 nodal intervals we obtain 7 = -Ay and thus T\(a) = | = vypi- Given 
that this equation has a solution a > (SA^) 1 /^ -1 ?) we infer A > Ay* from Proposition 16.41 (v). 

In case w'(0) = 0 the parameter A must be negative by Proposition 14.31 Either the function 
u vanishes identically on some right-sided neighbourhood of 0 or |w| is positive on a right¬ 
sided neighbourhood of 0. Indeed, if there is a sequence (x n ) converging to 0 with u(x n ) = 0 
then continuity of u implies g\(u{t))u(t ) < 0 for all t G [0, x n \ for sufficiently large n and thus 

P%n PXn PXn 

0 = u'(x n )u(x n ) = / u'(t) 2 + u"{t)u[t) dt= u'(t) 2 — g\(u(t))u(t) dt> u'(t) 2 dt 

Jo Jo Jo 

which implies u = 0 on [0,x n ]. Here we used g\(z) = \\z\ q ~ 2 z + \z\ p ~ 2 z and that A is 
negative. Therefore, defining ao := max{x G [0,1] : u(t) = 0 for all t G [0,x]} we obtain 
u'(ao) = 0 and that |u| is positive on some right-sided neighbourhood of ao- Proposition 
16.21 then implies u = ±w at \(- — a 0 ) on [a 0 ,a 0 + 7(A)] for a = [tPy.y/{p-q) ; j n particular 
u(a 0 + 7(A)) = u f (ao + 7(A)) = 0. Defining d± := max{x G [ao + 7(A), 1] : u(t) = 0 for all t G 
[ao + 7(A), a:]} we obtain that u vanishes on [a 0 + 7(A), aj and, again using Proposition 16.21 
u = ±w a< x(- — di) on [ai,ai + 7(A)]. Repeating this process and using w(l) = 0 and that u 
has precisely j + 1 nodal intervals we obtain (j + 1)7(A) < 1 and thus A < Ay*, see (16.61) . 
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From this we obtain claim (ii) and (iii) since A = Aand (16.61) imply (j + l)Z(A) = 1 which 
in turn implies a*, = dk-i + /(A) = a^-i + yyy for all k = 1,... ,j and thus a & = jfp for all 
k = 0,...,j. □ 

The above Proposition reduces the problem of finding all solutions of the boundary value 
problem (16.11) to the task of solving the scalar equation T x (a) = ppp for A > A.,*. Hence, 
the solution theory for (16.ip depends on the properties of T\ which we list in the following 
Proposition. Its proof will be given in Appendix B. 


Proposition 6.4. (i) For all A > 0 and all a > 0 the following estimates hold true: 


T x (a) < 


T x (a) > 


pqa 


2-q 


2Xp + 2 qaP-i 

2-q 


pqa 


2 A p + 2 qaP-i 


1/2 


1/2 


) y/T=& 

a 1 


ds, 


x/l - sp 


ds. 


(ii) For all A > 0 there is a uniquely determined number a\ > 0 such that T\ is strictly 
increasing on (0, a*] an d strictly decreasing on [a%oo). Moreover, we have 

lim T x (a) = lim T x (a) = 0. 

a->0+ a—>oo 

(Hi) There are positive numbers c 3 , C 3 such that for all A > 0 we have 

c 3 X 1/{p ~ q) <a x < C 3 X 1/{p ~ q \ c 3 X {2 - p)/2(p ~ q) < T x (a\) < c 3 X i2 ~ p)/2(p - q) . 

(iv) The map X ha T x {a\) is decreasing on R >0 and there are uniquely determined positive 
numbers A 0 < Ax < A 2 <...—)■ cxo with T Xj (a Xj ) = f or a ^ •? e N 0 . There are 
positive numbers C 4 , C 4 such that the following estimates hold for all j £ No-' 

c 4 (j + 1 )2 (p-9)//p-2 ) < Aj < c 4 (j + i) 2 (r-g)/(p- 2 )_ 

(v) For all A < 0 the function T x is well-defined and decreasing on 00 ). 


Moreover, we have 

' / p\X\\ 1 Fp~i) 


Ty 




\\ 


3* 1 


(p-2)/2(p-q) 


lim T x {a) = 0. 


2j+2 \ | A | 

Using the properties of T x described in the parts (ii) and (iv) of the previous Proposition 
we obtain complete information about the solutions of the equation T x (a ) = ppp,- The above 
result are illustrated in the pictures [2] and El 


For all A £ (0,Aj) the equation has exactly two different solutions «j(A) £ (0, «a) and 
«j(A) £ (oa, 00 ) giving rise to exactly four different solutions m -(A), — Uj(X), Uj(X), —Uj(X) 
with j interior nodes and they are given by the formulas from Proposition 16 3h il for a = a_j( A) 
respectively a = aj( A). As A tends to A j from the left the solutions Uj(X),Uj(X) merge into 
each other as both values a-(A),Oj(A) converge to a a, ■ In case A > A j Proposition 16.41 (iv) 
implies T x (a) < pfp for all a > 0 so that no solutions with j + 1 nodal intervals exist 
according to Proposition 16.31 (i). As A tends to 0 from the right we observe a-(A) —» 0 so 
that Uj( A) converges to the trivial solution while ufi A) converges to the uniquely determined 
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5py/(p-q) ^20p^l/(p-q) 


a 


Figure 6 . Qualitative plots of T\ for q = 1.5, p = 4 and A G {—0.2, —1, —5, —10, —20}. 

nontrivial solution of — u" = \u\ p ~ 2 u,u(0) = u(l) = 0 ,u'( 0 ) > 0 with j interior nodes. 
The solutions Uj(X), —Uj(X) persist in the range A j* < A < 0 if now, for A < 0, the value 
ctj(X) > denotes the unique solution of T x (a) = see Proposition 16.41 (v). 

As A tends to Aj* from the right we observe <x,(A) —> ( p A*l )V(p-g) an d that the slopes at 
the zeros 0 , —. -l— 1 tend to 0 so that there is a continuous transition to the dead core 

solutions described in Proposition 16.31 in'). As a consequence the solution continua Cf from 
Theorem 12.11 in the special case n = 1 and h x (r,z ,£) = g x (z) are given by the following 
theorem. 

Theorem 6.5. Let j G No- Then all nontrivial solutions of (16.1|) with j + 1 nodal intervals 
J 0 ,..., Ij and sign ±(—l) fc on Ik are given by CX = CX_ x U C+ 2 and Cj = Cj x U Cj 2 where 

Cf x = {(±Uj(X), A) : 0 < A < Aj} U {(±Fj(A), A) : A j* < A < Aj}, 
c t,2 = a,cr), X) : X < X jt , a G Z j}X , a = (1, -1,1,..., (-1) J+1 )} 

and Uj(X,a,cr ) denotes the dead core solution given by Proposition E3 (in). 

We finally remark that for all k G {0,..., j} and A < A there are solutions with j interior 
(degenerate) zeros and only k sign changes on [0,1]. These solutions are given by Uj( A, a, a) 
for a G Zj \ and vectors a G {—1, +lp +1 which satisfy o~iCr i+1 = —1 for precisely k different 
indices in i. 
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7. Appendix B - Proof of Proposition 14.41 Proposition I4.6L and 

Proposition 16.41 


In this section we provide the proofs of some technical results concerning the time map T\ 
which we defined in (14.4)1 . Let us first mention that Proposition 14.41 is entirely contained in 
Proposition 16.41 We will use the following equation 


(7.1) 


T x (a) = 


1 o y/2 (G x (a)-G x {z)) 

r 1 


dz 




dz 


pqa 


2-q 


o \2pA(l - s q ) + 2qaP~ c ' 


(1 - sp)7 


\ 1/2 


ds. 


Proof of Proposition \6.f \ (%). From the inequality 1 — s q < 1 — s p for all s 6 [0,1] we obtain 


T x (a) = 

and 


pqa 


2-q 


o V2Ap(l - s q ) + 2qa p ~ q (l - &) 


1/2 


ds < 


n(a) = [ (; 


pqa 


2-q 


l 0 \2Xp(l — s q ) + 2qa p ~ q (l — s p ) 
and assertion (i) follows. 


1/2 


ds > 


pqa 2 q \ V 2 

r 1 


2Xp + 2qa p - q ) 

/o \/l — 

s q ’ 

pqa 2 ~ q \ V 2 

f 1 1 


,2Xp + 2qa p ~ q ) 

Jo \/l — 

• s p 


□ 


Proof of Proposition |6'.^| (ii). The existence of at least one critical point of T\ follows from 
the intermediate value theorem since the formula 


(7.2) 




a 


= Vma 


—q/2 


f 1 Xp(2 -q)( 1 - s q ) - q(p - 2)a p ~ q (l - s p ) 

>o (2Ap(l - s q ) + 2qaP~ q (l - sp)) 3/2 


ds 


implies that T x (a)a q / 2 tends to a positive value as a —» 0 + and T x {a)a p / 2 tends to a negative 
value as a —> oo. Having proved the existence of a critical point of T\ it remains to prove 
uniqueness. To this end we prove T"(a ) < 0 for all a > 0 satisfying T' x (a ) = 0. 

Every critical point a of T\ satisfies 


0 = T' x {a) ■ (Vpq^T 1 

r 1 Xp(2 -q)( 1 - s 9 ) - q(p - 2)a p ~ q (l - s p ) ^ 

Jo (2Xp(l — s q ) + 2qa p ~ q (l — s p )) 3 ^ 

f 1 _ Ap(2-g)(l-^) _/ _ q(p-2)(l-s p ) ^ p _ q \ ^ 

Jo (2Xp(l-s q ) + 2qa p ~ q (l-s p )) 3/2 ' Xp(2 - q)(l - s q ) ) 
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Hence, the second factor in the above integral must change sign which implies 
(7.3) 


q(p - 2)a p ~ q < (p - 2)a p ~ q 


\p(2 - q) X(2 - q) 

Using this estimate, T' x (a) = 0 and (17.2|) we obtain 
d 

da 

[pq d / C 1 Xp(2 — q)( 1 — s q ) — q(p — 2)a p ~ q (l — s p ) 
8 da\J 0 (Ap(l — s'?) + ga p_9 (l — s p )) 3 ^ 


«’ /2 U(a) = U(“’ /2 A(«) 


ds 


< 


[pq f 1 q(p - q)a p - g - 1 (l - s p )(Xp(-2p + 3q - 2)(1 - s q ) + q(p - 2)a p ~ q (l - s p )) 


o 2(Ap(l — s q ) + qa p ~ q (l — s p )) 5 ^ 2 

[pq f 1 q(P - - s p )(Ap(-2p + 3g - 2)(1 - s q ) + Ap(2 - g)(l - s p )) 


ds 


o 2(Ap(l — s q ) + ga p_9 (l — s p )) 5 ^ 2 

[pq f 1 Xpq(p - - s p )(-2p + 2q+ (2p - 3q + 2 )s q - (2 - q)s p ) 


ds 


2(Ap(l - s q ) + qa p ~ q ( 1 - sp)) 


5/2 


ds. 


Since the function s ha ( 2 p — 3q + 2)s q — (2 — g)s p is increasing on [0,1] and attains the value 
2p — 2q at s = 1 we obtain T"(a) < 0 . □ 


Proof of Proposition 6.4 (Hi). The estimate for a\ follows from (17.31) . The lower estimates 
for T\ from (i) and the definition of a\ from Proposition 16.41 (ii) moreover yield 


T\(a\) = maxTifa) > max ( 
a> 0 a> 0 V 


pqa 2 q \ V 2 f 1 1 


2pX + 2 qa p ~ q 


■\/l — s p 


ds 


_ f g (p-2) y/2 p(2-,) y2-,)/w^)) a i X ( 2 - pmp - q) 

"h (p-q)> \q(p-2)J J 0 

where the maximum is attained at ( ^plo) ) 1/1 • Similarly the upper estimate for T\(a\) 

is proved and we are done. 


□ 


Proof of Proposition \6.f \ (iv). The formula for the time map from (17.Ill shows that the 
function A ha T\(a\) = max a>0 T\(a) strictly decreases on M >0 from +oo to 0. By the 
intermediate value theorem we deduce that there are uniquely determined positive numbers 
A 0 < Ai < ... < Aj —* oo as j —* oo such that for all j e No- Moreover, the 

estimates from part (iii) give 

= T Aj ( OAj ) > _i_ = T Aj (a A ,) < C 3 
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which yields the estimates for A,-. 


□ 


Proof of Proposition |7771 (v). For notational convenience set C\ := V The mono- 

tonicity of T\ on (ca, oo) follows from A < 0 and (17.21) . Hence, we obtain the result from 

f cx 1 f Cx 1 

T\(c\) = / , - dz = 

Jo a/2(G a (ca) — G\(z)) Jo 


dz 


M|~|g 


ca 


dt = 


(777 V 2|A| 


9 


• c 


( 2—?)/2 


p' 

/•I 


\z\P 


y/tfl ~ tP 


dt 


fq fP\ ( 2 - 9 )/( p -«)\!/2 r 1 1 


2 Vp ) Jo s/w=¥ W 2j + 2 V |A| 


where the latter equality follows from the definition of Aj*, see (16.51) . 


□ 


In the proof of Proposition 14.61 we use the following shorthand notation 


rn q : = 


VI - s'? 


ds, m p := 


\/l - sP 


ds 


Proof of Proposition M (i). From 0 < f3i, p 2 < a\ < C^X 1 ^ q \ see Proposition 16.41 (iii), 
and Proposition 16.41 (i) we get 


T\(/3i) < m q 
T x (/ 3 2 ) > m p 

From this we obtain 


pqPi 


2 -g 


2A p + 2q!3 p l ~ q 
pqf3. 


f 2 ~ q 


1/2 


2A p + 2 q0: 


•p-q 


> m p 


pq 


2A (p + gCf 




7a(A) m,/, 9 rP -gV /2 / , AA (2 -« )/2 

T\{p 2 ) ~ m p \ p 3 / w 


or equivalently 

+ 9 C p - 9 V /2Ta (^ 2 )V /M 

( ’ A-LA P 3 > T(A )) 

Hence, using the estimate from Proposition 16.41 (i) and (17.4)1 we get 


1 / 2 4 2 - ,)/2 . 


G>(fe) Ap/jg + ft’ 2 Ap + 2 g ^-° 

Ga(Ai) XpP\ + qp{ Pi 2\p + 2qP{~ q 

pq/3 

= P[ 2\p+2gl3f- q Pi m 2 q f T X {Pi) \l 

" ‘ yyV! - A?' ml\T X (P 2 )J 

2\p+2qp2 q 
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< 


(m q ( g p _ g y/ 2 r A (/3 2 ) \V( 2-<?) rn^f Tx(M \ 2 
\m p \ + p 3 ) T x {^)) mjKTM)) 

U , Q rP - q \ 2/{2 - q) ( T ^\ 2q/{2 - q) 

\ 1 + p° 3 ) \tm> 


mq \(8-2q)/{2-q) 


□ 


Proof of Proposition \ j.b\ (ii). From /?i, /? 2 > a x > c 3 A ly/ ^ ^ > 0, see Proposition 16.41 (iii). we 
get 




> rn p 


hence 


%<(Hh( 1 + E c <-p 


Pi 


2 — 


As before this implies 

Gxifc) 


\m n 


piPl q 


q 


2 pcf p + 2 q 

y/z Txipj y/fp-*) 

) t x {(3 2 )J 


\ 1 / 2 ( 2 - p )/2 

p—p _L On) Pl 


G\((3i 


02 2\p+2qp\ q 

01 


pgP 2 P q 


< 


\m n 


m r 


m, 


p „y/ 2 n(ft) y/<-- 2 ) K/ZMh 

« 3 ' T a (/ 3 2 )/ rojtr A (ft. 

\W<r-V( p A 2 /ft ,-2) ,r A (ft)pi>/(i.-2) 

j hV 3 1 lr A (/yj 


□ 


Proof of Proposition \J7d\ (iii). The estimate for 0i < a x < (3 2 from the assertion follows from 

GxWi) G x (/3i) G x (a x ) 

G x (/ 3 2 ) G x (a x ) ' G x (/3 2 ) 

and the inequalities which we have proved in part (i) and part (ii). □ 
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